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ABSTRACT
Heat conduction in radius direction is of great importance to the use of
two-dimensional materials and experiments. In this paper, radial ballistic-
diffusive heat conduction in nanoscale is investigated by the phonon Monte
Carlo (MC) method and phonon Boltzmann transport equation. We find that
owing to the two-dimensional nature, the radial heat transport is domi-
nated by two parameters, including the Knudsen number (Kn) and the
radius ratio of the two concentric boundaries, the former of which is
defined as the ratio of the phonon mean-free-path to the distance of the
two boundaries. Compared with the one-dimensional cases, radial ballistic
transport not only leads to boundary temperature jumps and the size effect
of the effective thermal conductivity, but also results in a nonlinear tem-
perature profile in logarithm radius coordinate, a difference of the inner and
outer boundary temperature jumps, a stronger size effect, and a nonuni-
form local thermal conductivity within the system. When the value of Kn is
far less than one, diffusive transport predominates and the effect of the
radius ratio is negligible. Whereas, when Kn is comparable to or larger than
one, the intensity of ballistic transport compared to diffusive transport will
be increased significantly as the radius ratio decreases. In addition, the
models for the temperature profile and the effective thermal conductivity
are derived by an interpolation of the limit solutions and modification of
the previous model, respectively. The good agreements with the phonon
MC simulations demonstrate their validity.
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Introduction

The breakdown of Fourier’s law at nanometer to micrometer scales has important implications for
nanoelectronics and has received a great deal of recent attention [1–3]. Although previous studies mainly
focused on one-dimensional (1D) non-Fourier heat conduction in nanowires [4], nanofilms [5, 6], and
superlattices [7], the extensive two-dimensional (2D) thermal transports existing in recent applications
establish radial heat conduction as a worth investigating process. The radial heat conduction means heat
is conducted along the radius direction [8], which usually occurs in flat systems heated by a point source,
such as silicon nanofilms in transistors [9] and graphene sheets [10] in small electronic devices. It also
plays an important role in encapsulated nanowires [11], where the heat generated in the inner material
needs to be dissipated to the outer ambience. Besides, advanced time-domain thermoreflectance (TDTR)
and frequency-domain thermoreflectance (FDTR) techniques both require reliable models accounting
for the radial heat transport to extract the desired thermal properties [12]. In a word, better under-
standing of the nanoscale radial heat conduction is beneficial to the applications of 2D structures and
experimental measurements.
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When the characteristic length (L) of a nanoscale system is comparable to the phonon mean-
free-path (MFP), the phonon-boundary scattering and the ballistic transport give rise to the
experimentally observed failure of Fourier’s law [13–16]. The Knudsen number, which is defined
as Kn ¼ l0=L (l0 denotes the value of MFP in bulk materials), has a decisive role on phonon
transport. Fourier’s law is only valid for the diffusive limit (Kn ! 0), and the ballistic limit at
Kn ! 1 is also known as the Casimir limit [17]. Chen [5] adopted the ballistic-diffusive
equations derived from phonon Boltzmann transport equation (BTE) to study the 1D non-
Fourier heat conduction across thin films. Li [18] pointed out that the thermal conductivity in
1D systems could be expressed in terms of the system size as k ¼ cLβ, where the ballistic-diffusive
regime corresponds 0< β< 1. The reduction of the thermal conductivity in 1D systems could also
be predicted in theory by extended irreversible thermodynamics [19], phonon hydrodynamics
[20] and Landauer approach [21]. Moreover, for heat conduction generated by imposing bound-
ary temperature, a remarkable physical feature is boundary temperature jump (δT) [22], which
refers to the mismatch between the temperature of the heat sink and temperature just inside the
system. Consequently, the input temperature difference can be expressed as ΔT ¼ � dx�T þ
δT1 þ δT2 (the subscript refers to different boundaries). It has been observed that the tempera-
ture gradient inside 1D systems is a constant [22, 23], and theoretical models to predict the jump
values have been proposed by different approaches. Hua and Cao [24] used the acoustically thin
approximation for Kn>> 1 and the diffusive approximation for Kn<< 1 to solve phonon BTE,
then they averaged the two limit solutions for the middle Knudsen numbers. Maassen and
Lundstrom [25] adopted the McKelvey-Shockley flux method, and Sobolev [26] used the discrete
variables formalism. These models are all in good agreements with the results of molecular
dynamics (MD) and phonon MC simulations.

In multi-dimensional heat conduction where the heat is transported in multiple directions, the
non-Fourier heat conduction has been found to be dependent on more factors, owing to the complex
configurations of the system. Lepri et al. [27] suggested that the thermal conductivity of 2D
anharmonic crystals diverge with the system size as k, ln Lð Þ. Chen et al. [28] found that the
surface-to-volume ratio could have a significant influence on the thermal conductivity of silicon
nanowires. Based on BTE, Hua and Cao [29] established analytical models accounting for the
longitudinal and lateral constraints in nanostructures to predict the effective thermal conductivity,
and the similar method was applied to 2D periodic nanoporous films, too [30]. Due to the complex-
ity of the analysis and excessive computational cost of the numerical simulation for a general multi-
dimensional heat transport, the axisymmetric radial heat conduction is deemed to be a simple but
effective way to study the characteristics of the non–one-dimensional heat conduction in nanoscale.
Based on phonon hydrodynamics and thermomass theory, Sellito et al. [31, 32] found that the
temperature could rise along the radius direction when the distance to the point heat source was less
than l0. By utilizing MD simulation, Yang et al. [33] predicted the graded thermal conductivities in
nanoscale graphene disks whose outer radii were smaller than the value of MFP. Wilson and Cahill
[34] emphasized that the radius of the pump light (heat source) could have a decisive effect on the
results of TDTR and FDTR. These reported studies all stated that the relation between the radius and
the MFP affected radial phonon transport, however, systematic and in-depth understanding and
modeling of the nanoscale radial heat conduction is still lacking.

In the present work, we use the phonon tracing Monte Carlo (MC) method and theoretical
analyses based on phonon BTE to study the steady-state radial ballistic-diffusive heat conduction in
nanoscale. Radial phonon transport is found to be determined by two individual parameters, one is
the Knudsen number calculated by using the difference between the outer and inner radius as the
characteristic length, and the other is the radius ratio of the concentric boundaries (r12). Radial
ballistic transport will cause the temperature distribution to change non-linearly with the logarithm
radius coordinate, the temperature jumps at the two boundaries to be different, the size effect of the
effective thermal conductivity to be stronger and the local thermal conductivity within the system to
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be nonuniform. More importantly, the phonon-boundary scattering and the ballistic effect increases
remarkably as r12 decreases, except for the cases of Kn<< 1. In addition, theoretical models for the
temperature profile and effective thermal conductivity have been proposed, which compare favorably
with the results of phonon MC simulations. These simulations and models could be helpful for
predicting thermal transport in 2D nanoscale devices and experiments.

Methods

The schematic diagram of radial heat conduction is illustrated in Figure 1 (a), in which two isothermal
heat sinks with a hot and cold temperature (Th and Tc) are set at the inner (subscript 1) and the outer
(subscript 2) boundary, respectively, to produce heat flow along the radius direction. The correspond-
ing cylindrical coordinate systems are schematically shown in Figure 1 (b), in which the subscript “c”
represents the parameters related to the fixed coordinate system. Thermal properties only vary with the
radius direction r, but not with the axial position z or azimuthal angle ψc in radial heat conduction.

The phonon BTE under relaxation time approximation in steady state is

vg � �f ¼ f0 � f
τ

(1)

where vg , f , f0, and τ denotes the group velocity vector, phonon distribution function, the Bose-
Einstein distribution in equilibrium and the relaxation time, respectively. Assuming the group
velocity is isotropic and does not vary with the location, we have vg ¼ vgs where s is a unit direction
vector. By introducing linear dimensionless radial coordinate as r�¼r=vgτ, Eq. (1) is transformed to

sin θ cosψ
@f
@r�

� sin θ sinψ
1
r�

@f
@ψ

¼ f0 � f (2)

Compared to BTE in 1D systems as cos θx
df
dx� ¼ f0 � f (θx denotes the angle with the x axis), there is a

term about the derivate of angle ψ in Eq. (2), which is mathematically originated from dψc þ dψ ¼ 0
along the s direction as Figure 1 (b) illustrates. Similar result has been discussed in the gray media
radiation [35] and it is not contradictory to the fact that the heat is conducted along the radius
direction. In fact, the additional term introduces more intriguing characteristics of phonon transport,
but it also perplexes the analytical solution of Eq. (2).

Figure 1. (a) The schematic diagram of radial heat conduction; (b) the cylindrical coordinate systems.
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Eq. (1) is mostly solved by numerical approaches, among which phonon tracing MC, which is
especially flexible with use for complex geometric structures and readily include different scattering
events, has been extensively developed [24, 29, 30, 36, 37] . So it is employed in this paper. We focus
on the effect of phonon-boundary scattering and ignore the scattering of imperfections and impu-
rities. The Debye theory and gray-body approximation are employed to simplify the problem, and
the temperature difference between the two heat sinks is set to be small enough compared with their
absolute values. Since Eq. (1) is a linear equation, the simulated system is reduced to T1 ¼ Th � Tc

and T2 ¼ 0, which significantly reduces the simulation time without any penalty on the accuracy. To
ensure the convergence of the results and reduce random errors, all phonon MC simulations are
performed with the total number of phonon bundles at least being N ¼ 2� 106. More details of the
phonon tracing MC method can be found in Ref. [24].

The thermal conductivity in non-metallic crystalline materials actually results from cumulative
contributions of phonons that have a broad range of MFPs and frequency [38], making phonon
dispersion be an important factor affecting heat transport [39, 40]. When considering the actual phonon
dispersion, phonon transport must be described by MFP spectra, which can be achieved by redetermin-
ing the MFP of each phonon bundle after phonon-phonon scattering in the steady-state MC simulation
[41]. For the analysis of BTE, there two efficient approaches to take the phonon dispersion into
consideration: (a) calculating the boundary confined MFP for each phonon mode and integrating over
the frequency [42, 43]; (b) using the phonon MFP spectra function [44]. Introducing complex phonon
dispersion could get more accurate and comprehensive results, but it is bound to increase the computa-
tional costs and the complexity of theoretical models, which make it difficult to distinguish different
factors that affect thermal transport. To simplify, gray-body approximation with a proper and repre-
sentative MFP has been extensively utilized in the studies of phonon-boundary scattering [14, 16, 23, 45]
and ballistic transport [19, 29, 46, 47]. Ignoring some sacrifice on the accuracy, the good agreements
between the predicted results and experimental measurements have established the use of a proper and
representativeMFP as an effective simplification [14, 16, 19, 23, 29, 45, 46]. In this paper, since our major
concern is how to describe the influence of the cylindrical geometry on phonon ballistic-diffusive heat
conduction efficiently, gray-body approximation with a representative MFP is adopted to validate our
analyses of the impact of the geometric parameters and the developed prediction models.

Results and discussions

The geometric configuration of the system in radial heat conduction can be determined by two individual
parameters, as the inner and outer radius of the boundaries shown in Figure 1 (a). However, direct use of
the radii is not conducive to study the possible effect of the size and shape on heat transport, therefore
another set of parameters is chosen in our work. On the one hand, as an analogy to 1D ballistic-diffusive
heat conduction, the distance between the two heat sinks is defined as the characteristic length
(L ¼ r2 � r1). On the other hand, the radius ratio (r12 ¼ r1=r2), which reflects the geometric discrepancy
between the radial heat conduction and the 1D heat conduction in films, works as the shape parameter.
In the limit of r12 ! 1, the radial heat conduction reduces to 1D case. Such description of the geometric
configuration was also adopted in photon radiation between concentric cylinders [48]. In this way, the
corresponding Knudsen number defined as Kn ¼ l0= r2 � r1ð Þ is expected to have the similar effect on
phonon transport as in 1D heat conduction, and new-found phenomena in radial heat conduction can be
attributed to the effect of r12, which will be discussed in the following parts.

Temperature profiles

We begin by calculating the temperature profiles along the radius direction with different Kn and r12,
as illustrated in Figure 2. According to Fourier’s law and the energy conservation in steady state, the
governing equation of the temperature is
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� 2πr � kb @T
@r

¼ Q (3)

where kb is the thermal conductivity in bulk materials, Q is the heat flow (with a unit length in z
axis) along the radius direction. Ignoring the change of kb with temperature, we have

@T
@ ln r

¼ � Q
2πkb

¼ const (4)

which indicates that temperature varies linearly with the logarithmic coordinate. For simplicity and

clarity, normalized dimensionless coordinates as T� ¼ T�Tc
Th�Tc

and Rlog ¼ ln r=r1ð Þ
ln r2=r1ð Þ are adopted, and the

result of Fourier’s law is (subscript “D” refers to “diffusive limit”)

T�
D ¼ 1� Rlog (5)

By using the logarithmic radius coordinate, the influence of the varied cross-sectional area along the
heat flow direction on temperature distribution can be eliminated in Fourier’s law, so the oblique
solid lines depicted in Figure 2 are the same for different r12. When Kn ¼ 0:01, the system size is so
large that Fourier’s law is a good approximation and the change of r12 nearly doesn’t affect the

Figure 2. Temperature profiles along the radius direction. The theoretical solutions are calculated by Eq. (8). “Diffusive” refers to
the diffusive limit, and “Ballistic” refers to the ballistic limit.
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temperature profiles. For Kn ¼ 0:1, Fourier’s law loses its accuracy and temperature jumps occur at
the two boundaries. As Kn increases, the boundary temperature jumps become more significant, and
the temperature gradually varies with Rlog in a non-linear way, as the results of Kn ¼ 10 show. When
it comes to Kn ¼ 100, the system size is so small that almost all phonons are transported in ballistic
ways, making the temperature profiles be quite close to the Casimir limit, which with reference to
the photon radiation [48] can be written as (subscript “B” refers to “ballistic limit”)

T�
B ¼ 1

π
arcsin r

Rlog

12

� �
(6)

In contrast to Eq. (5), temperature profile predicted by Eq. (6) will change with r12 even in the
logarithm radius coordinate. Comparing Figure 2 (a) ~ (c), although the temperature profile’s
dependence on Kn is the same with that in 1D systems as expected, the value of r12 is found to
have a remarkable influence on the temperature profiles. The deviation from Fourier’s law is more
notable for a smaller r12. Take Kn ¼ 0:1 as an example, the dimensionless value of the inner
boundary temperature jump is less than 0.05 at r12 ¼ 0:9, while it increases to about 0.2 at
r12 ¼ 0:1. Besides, the non-linear change of the temperature is becoming more obvious as r12
decreases. The temperature profile still looks like a straight line at Kn ¼ 1 and r12 ¼ 0:9, but the
profile of Kn ¼ 1 and r12 ¼ 0:1 has visibly become a curved line, which is also closer to the
prediction of Eq. (6). It is concluded that a reduced r12 strengthens the ballistic transport, thus the
temperature profile for the same Kn is closer to the non-linear results of the Casimir limit.

Theoretical model to predict the temperature profiles are developed, which is also able to quantita-
tively describe the intensity of the ballistic effect. In a thermal non-equilibrium state, temperature is
usually defined as a representation of the average energy of all phonons around a local point [7]. Since
ballistic-diffusive transport can be interpreted as the concurrence of diffusive and ballistic phonons, the
results of Fourier’s law and Casimir limit can be termed as two bounds for the local phonon energy
(denoted as E rð Þ) at Kn ! 0 and Kn ! 1. For example, the boundary temperature jumps demon-
strated in Figure 2 are always between 0 (totally diffusive) and the values of the Casimir limit (totally
ballistic). For a middle Kn, E rð Þ can be calculated by an interpolation of the two bounds as

E rð Þ ¼ ηEB rð Þþ 1� ηð ÞED rð Þ (7)

where η and 1� η are the interpolated coefficients for ballistic transport and diffusive transport,
respectively. The value of η could be dependent on the system size and shape. The similar inter-
polation method was used in Hua and Cao’s [24] model for predicting boundary temperature jumps.
Under the condition of Th � Tc � Th � Tc, the temperature within the system is linearly dependent
on the local energy, thus it can be calculated as

T rð Þ ¼ ηTB rð Þ þ 1� ηð ÞTD rð Þ (8)

The only unknown in Eq. (8) is the coefficient η, which can be calculated by the temperature jump
model to be given in Sec. 3.2. The results predicted by Eq. (8) for the middle three Knudsen numbers
are also plotted Figure 2, which agree well with those by phonon MC simulations. It should be noted
that Eq. (8) is not always satisfied within the system, and the simulated temperature at some points
could be higher than the two bounds, such as Rlog¼0:6 at Kn ¼ 1 shown in Figure 2 (a). However,
since the deviations of the model and phonon MC simulation at these points are less than 5%, Eq. (8)
is concluded to be a good and simple estimation. The values of η for different Kn and r12 are shown in
Table 1, where η always increases with Kn for a fixed r12 as expected. More importantly, when Kn is
fixed, η also increases dramatically with r12 decreasing. For Kn ¼ 1, η is about 40% larger for r12 ¼ 0:1
(0.877) than r12 ¼ 0:9 (0.612). Because the value of η in some extend represents the intensity of
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ballistic transport compared to diffusive transport, Table 1 distinctly demonstrates that besides
increasing Kn, decreasing r12 will also strengthen the ballistic transport in radial heat conduction.

Boundary temperature jumps

As mentioned in Sec. 1, the boundary temperature jump is an important feature of the phonon-
boundary interactions in ballistic-diffusive regime, and knowing the value of temperature jump is also
essential to describe the temperature profile. The phonon MC simulated results of the inner and outer
boundary temperature jumps are shown in Figure 3 (a) and (b), where the results of 1D systems are
drawn for comparison. When r12 is fixed, the dependence of the temperature jump varying with Kn
has the similar trend with 1D case. For Kn ¼ 0:01, the temperature jumps are very close to the
diffusive limit, while the results of Kn ¼ 100 almost equal to the ballistic limit. For the middle
Knudsen numbers, the jump values are between the Casimir limit and Fourier’s law, proving that
they can be used as the two bounds of phonon transport again. Moreover, the temperature jump values
at the inner boundary are always greater than the results of the same Kn in 1D systems, while at the
outer boundary less than those in 1D systems, and the deviations are getting more significant as Kn
increases or r12 decreases. This is caused by the reduction of the value of temperature gradient along
the heat flow direction in radial heat conduction. The value of boundary temperature jumps can be
expressed as δTi ¼ γ �Tji

�� ��, where �Tji is the internal temperature gradient extrapolated to the
boundary i [22]. The change of the proportionality coefficient γ can be ignored for the tiny tempera-
ture difference and the same type boundary thermostats, thus the absolute value of �Tji predominates
the boundary temperature jump. The temperature gradient inside 1D systems is a constant owing to
the symmetric configuration, so that the boundary temperature jumps are the same. In radial heat
conduction, �Tj j ¼ 1

r
dT
d ln r

�� �� will decreases with r even calculated by Fourier’s law. Besides, the ballistic
transport will also increase the degree of change in temperature gradient by the changing the value of

Table 1. The calculated values of η based on Eq. (10).

Kn r12 ¼ 0:9 r12 ¼ 0:5 r12 ¼ 0:1

0.01 0.016 0.024 0.064
0.1 0.137 0.194 0.403
1 0.612 0.702 0.877
10 0.940 0.956 0.985
100 0.994 0.996 0.999

Figure 3. The boundary temperature jumps varying with Kn at different r12: (a) the inner boundary and (b) the outer one. The
results of 1D systems are shown as “r12 ¼ 1:0.”
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dT=d ln rj j as shown in Figure 2. The two factors contribute to the higher and lower temperature
jumps than those in 1D systems at the inner and outer boundary. More importantly, with r12
decreasing, since the greater deviations cannot be explained by only considering the change of
boundary radii, a stronger ballistic transport is supposed to exist.

To better study the effect of r12 on the boundary temperature jumps, the ratios of the outer and
inner jumps are illustrated in Figure 4. For 1D systems, the ratio is always one and does not change
with Kn, as the solid line shows. For radial heat conduction, when Kn ! 1, Eq. (6) gives the
Casimir limit value of the ratio as 2 arcsin r12ð Þ=π. Considering that there is no boundary tempera-
ture jump in the limit of Kn ! 0, the result under the condition of Kn<< 1 is adopted as another
meaningful boundary condition to calculate the ratio of boundary temperature jump, instead of
Fourier’s law. Since the characteristic length is sufficiently large in this case, most phonons are in
diffusive regime and the diffusive approximation can be used. With reference to the diffusion
solution proposed for radiation transfer equation [49], we derive dT

d ln r ¼ const within the system,
which has been confirmed by the simulated temperature profiles at Kn ¼ 0:01 in Figure 2, and the
temperature jump ratio can be calculated as δT2=δT1 ¼ r2=r1 ¼ r12. It can be seen from Figure 4 that
the ratios of the middle Knudsen numbers are certainly varying between the predictions of the
diffusive approximation and the Casimir limit. Besides, the location where the boundary temperature
jump ratio starts to deviate from the prediction of the diffusive approximation comes earlier with r12
decreasing, verifying that a small r12 enhances the ballistic transport. It is worth noting that a
stronger ballistic transport could lead to a smaller boundary temperature jump, as shown in Figure 3
(b), which is attributed to the lower value of temperature gradient adjacent to the outer boundary.

Similarly, a theoretical model to predict the boundary temperature jump can be established by the
interpolation between the solutions at Kn<< 1 and Kn ! 1, as we did for the temperature profile.
When Kn<< 1, since r12 has little effect, the derivative of the angle ψ in Eq. (2) can be ignored, and
the problem reduces to the 1D case, where the boundary temperature jump could be calculated as
δT� ¼ 1

2 q
� by solving phonon BTE under the diffusive approximation [24]. The dimensionless heat

flux is defined as q� ¼ q
σp T4

h�T4
cð Þ , in which σp denotes the phonon Stephen-Boltzmann constant. By

using the effective thermal conductivity to be calculated in Sec. 3.3, the temperature jump can be
calculated as (take the inner boundary as an example):

Figure 4. The ratios of boundary temperature jumps varying with Kn. The horizontal solid line refers to the 1D case. The dash and
dash-dotted-dotted lines are the predictions of diffusive approximation and ballistic limit, respectively.
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δT�ð Þ1;DA ¼ 2 1� r12ð Þ
3r12 ln 1=r12ð Þ

1
αþ 1=Knð Þ (9)

where the subscript “DA” refers to the diffusive approximation and α is a parameter only dependent
on r12. Eq. (9) approaches to zero as Kn ! 0, which is consistent with Fourier’s law. Besides, it will
result in a nonzero constant if we directly let Kn ! 1. Although the value of the constant is bound
to deviate from the correct value predicted by Eq. (6), the function form of Eq. (9) is worthy of
reference. Thus, we have an empirical expression of the boundary temperature jumps for the middle
Knudsen numbers as

δT� ¼ 1
aþ b=Kn

(10)

The values of a and b, which are different for the inner and outer boundary, are determined by the
results of the diffusive approximation at Kn<< 1 (we actually choose Kn ¼ 0:01 in calculations) and

the Casimir limit at Kn ! 1. Thus, we have ai ¼ 1
δT�ð Þi;B and bi ¼ 1

100
1

δT�ð Þi;DA �
1

δT�ð Þi;B

h i
, in which

i ¼ 1 or 2 refers to the inner or the outer boundary. As Kn ! 0, Eq. (10) automatically agrees with
Fourier’s law. The results predicted by Eq. (10) are also depicted in Figure 2, which are in good
consistency with phonon MC simulations, with the maximum absolute error being less than 0.04.
Taking the random error of phonon MC simulations into consideration, the validity of the present
model has been confirmed. In addition, interpolation by Eq. (10) avoids the discontinuities produced
by the simple averaging in Hua and Cao’s 1D model. After establishing the boundary temperature
jump model, an interpolation between the diffusive and ballistic limit is conducted to get

ηi¼ 1þ 1
100Kn

δT�ð Þi;B
δT�ð Þi;DA � 1

� �h i�1
. There is a little difference between the value of η calculated at the

inner and the outer boundary owing to the approximate model. To get a good accuracy at the both
boundaries, arithmetical averaging is adopted to derive the final value of η as η¼ η1þη2

� �
=2, which

gives the results shown in Table 1.

The effective and local thermal conductivities

Besides the boundary temperature jump, the effective thermal conductivity is also employed to
characterize the radial ballistic-diffusive heat conduction. Based on Fourier’s law, it is easy to derive
the expression of the total heat flow (with a unit length along the z axis) for the diffusive limit as
QD ¼ 2πkb Th � Tcð Þ= ln r2=r1ð Þ, in which kb denotes the thermal conductivity in bulk materials.
Using the total heat flow to define the effective thermal conductivity for the radial heat conduction, it
can be calculated as

keff ¼ ln r2=r1ð Þ
2π

Q
Th � Tc

(11)

where Q calculated by phonon MC simulations varies with Kn and r12. Figure 5 shows the simulated
effective thermal conductivities varying with the acoustic length (1=Kn). The ratios of the effective
thermal conductivities to its bulk values are found to reduce with r12 decreasing for a fixed Kn, which
demonstrates a stronger ballistic transport, though the results of r12 ¼ 1:0 and r12 ¼ 0:9 is not easy to
distinguish by eye. At r12 ¼ 1:0, the effective thermal conductivity could be estimated by keff¼cLβ, in
which the value of β relates to the value of Kn. The results of the piecewise fitting are shown as the solid
lines in Figure 2, where the fitted values of β are also exhibited. The decrease of β with the acoustic length
means the intensity of ballistic transport compared with diffusive transport is decreasing. ForKn � 0:05,
β ! 0 indicates that the thermal conductivity does not change with the system size. For Kn 	 10, the
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ballistic transport is so strong that keff nearly increases linearly (β ¼ 0:97) with the acoustic length. For
r12�1:0, the simulated results are found to have the similar trends with that of the r12 ¼ 1:0 case, and we
assume that keff / Lβ is still valid by regarding radial heat conduction as an 1D transport process in
cylinder coordinates. The values of β are larger for a smaller r12 in the same segments in Figure 5,
quantitatively demonstrating that the intensity of ballistic transport increases once more.

To put the new-found fact that radial ballistic-diffusive transport is dependent on r12 into
perspective, the interactions between phonons and the boundaries are going to be estimated.
Figure 6 depicts the geometric configurations of different r12 with the same L, it can be clearly seen
that a reduced r12 intensifies the boundary constraints on phonon transport. When Kn<< 1, phonons
will suffer sufficient phonon-phonon scattering before being absorbed by the boundaries, thus almost
all phonons are transported diffusively and the effect of boundary constraints can be ignored, as the
results of Kn ¼ 0:01 in Figure 2 to Figure 5 show. As L becomes comparable to l0, phonon-boundary
interaction plays an important role. The reduced r12 makes phonons emitted from the inner heat sink
be more probable to be absorbed by the outer one without any phonon-phonon scattering, leading to a
stronger ballistic transport which is dependent on r12 as Eq. (6) demonstrates. Figure 6 also shows that
decreasing r12 will reduce the size of the inner thermal sink, which will lead to stronger ballistic effect
as the reference suggests [50]. In fact, the value of r12 not only has some influence on the boundary size
when using r2 � r1 as the other characteristic parameter, but also distinctly reflect the effect of the
boundary shape. As an evidence, at the ballistic limit predicted by Eq. (6), even r1 is fixed, the change
of r12 will also affect the temperature profile, indicating that the effect of r12 cannot be totally attributed
to the size of the heat sink. It is concluded that both the size and shape will significantly affect the
thermal transport owing to the 2D natural character of the radial heat conduction.

The value of the effective thermal conductivity can also be predicted without any numerical simula-
tion. Under the condition that utilizing temperature difference to produce heat flow, Majumdar [23]

proposed a gray model for the 1D effective thermal conductivity as keff
kb

¼ 1þ 4
3Kn

� ��1
. Referring to the

Matthiessen’s law, Hua and Cao [51] concluded that the models of the effective thermal conductivities
can be unified as keff

kb
¼ 1

1þαKn in which the parameter α reflects the size effects under different conditions

and has been used in Eq. (9). As Figure 5 shows, since the size effect on the effective thermal
conductivities changes with r12 for a fixed Kn, the value of α should be modified to reflect the boundary

Figure 5. The effective thermal conductivities varying with the acoustic length. The lines are the fitting results by keff¼cLβ.
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shape relation in radial heat conduction. The fitted results are shown in Figure 7 (a), where the fairly
good agreements with the phonon MC simulations validate its correctness. More importantly, the fitted
values of α are linearly related to 1=r12, as shown in Figure 7 (b). Back to Figure 6, the area of the outer
boundary that can be directly ‘seen’ by the inner boundary of a unit length equals 1=r12, with which the
ballistic effect definitely increases as there will be more phonons being absorbed by the outer boundary
without phonon-phonon scattering. As a result, the size effect will be stronger with increasing 1=r12
though Kn is the same, thus resulting in a larger value of α. The linear fitting in Figure 7 (b) gives
α ¼ 1:11þ 0:29=r12, which compare favorably with Majumdar’s work at r12 ¼ 1. By using the expres-
sion of α, the boundary confined MFP which reflects the intensity of phonon-boundary scattering [29]
can be calculated as lbdy ¼ L=α. For Kn ¼ 0:01, lbdy is about 25 times the value of l0 even for r12 ¼ 0:1,

Figure 6. The schematic diagram of different r12 for a same L. (Only a part of the boundaries for r12 = 0.9 is shown).

Figure 7. (a) The effective thermal conductivities varying with Kn. The dash-dotted lines are the fitting results of the phonon MC
simulations (symbols) by keff

kb
¼ 1

1þαKn . (b) The dependence of α on 1=r12. Majumdar’s result [23] for 1D systems is also depicted.
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demonstrating that phonon-phonon scattering is much stronger than phonon-boundary scattering and
validating the use of the diffusive approximation quantitatively. Besides, the heat flux at any point within

the system can be calculated as q� rð Þ ¼ 4r2 1�r12ð Þ
3 ln 1=r12ð Þ αþ1=Knð Þ

1
r , from which Eq. (9) is derived to establish the

model for boundary temperature jumps.
The effective thermal conductivity is based on the temperature difference and heat flow of the whole

system. Except for the total heat flow, the temperature profiles can be employed to define the local
thermal conductivity. Instead of Eq. (11), the relation of the local heat flux and local temperature
gradient could be assumed to be proportional [22], and the corresponding coefficient is termed as the
local thermal conductivity, namely

klocal rð Þ¼ q rð Þ=�T rð Þj j (12)

The subscript ‘local’ means it is a local parameter extracted from the temperature profiles. The
statistical error in phonon MC causes the direct calculation of the temperature gradients challenging.
As a substitute, the theoretical predictions by Eq. (8) are adopted and the calculated results are shown
in Figure 8. It is illustrative that except for the near bulk systems at Kn = 0.01, the local thermal
conductivity increases distinctly in the heat flow direction. In 1D heat conduction, the heat flux and
temperature gradient are constants within the system, making klocal be uniform. Consequently, the use
of the boundary temperature jump and effective thermal conductivity successfully characterize the
phonon transport. However, in radial heat conduction, when ballistic transport cannot be ignored, the
corresponding non-linear temperature profiles in Figure 2 leads to a varied @T=@ ln r, and
klocal rð Þ¼ Q

dT=d ln rj j is not a constant along the radius direction. In addition, the values of dT=d ln rj j
decrease with r in ballistic regime, thus klocal rð Þ will increase as Figure 8 demonstrates. Therefore, if a
Fourier type equation like Eq. (12) is used to calculate the temperature profile, a varied klocal rð Þ is
needed besides the effective thermal conductivity and boundary temperature jump.

Yang et al. [33] have found the increased local thermal conductivities along the radius direction in
nanoscale graphene disks by MD simulations. They asserted that it is caused by the fact that

Figure 8. The local thermal conductivities varying in the radius direction. The temperature gradients are calculated by the results
of Eq. (8).
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nanoscale graphene disks are naturally functionally graded materials. As a contrast, our studies have
demonstrated that the ballistic transport in radial heat conduction contributes to the graded local
thermal conductivity at nanoscale. In fact, heat conduction has been widely accepted as a non-local
process in nanoscale, so the use of a local parameter to describe the thermal transport will lead to
some novel phenomena.

Conclusions

In the present work, we study the radial ballistic-diffusive heat conduction at the nanoscale by
phonon tracing MC method and theoretical analyses based on phonon BTE. The radial phonon
transport is found to be determined by both the Knudsen number and the radius ratio of the
boundaries, where the Knudsen number is defined as the ratio of phonon MFP to the difference of
the boundary radius.

The temperature distribution within the system is supposed to be linearly dependent on the
logarithm coordinate by Fourier’s law, but ballistic transport causes it to vary non-linearly and such
non-linearity increases with increasing the Knudsen number or decreasing the radius ratio. In
addition, ballistic transport leads to boundary temperature jump as it does in 1D systems, but the
jump values are not the same at the two boundaries, which is related to the varied temperature
gradient along the heat flow direction in radial heat conduction. The differences will be larger as the
Knudsen number increases or the radius ratio decreases. Furthermore, based on the idea that
Fourier’s law and the Casimir limit can be considered as the two bounds of phonon transport,
models for the temperature profile and boundary temperature jump has been established by
interpolation of the local phonon energy between the limit solutions, which do a good job of
matching the results of phonon MC simulations.

To better understand the new-found effect of the radius ratio on phonon transport, the simulated
effective thermal conductivities under different radius ratios are fitted by keff

kb
¼ 1

1þαKn to get
α ¼ 1:11þ 0:29=r12. Thus, a reduced r12 results in stronger size effect of the effective thermal
conductivity, even Kn is fixed. Moreover, the local thermal conductivity calculated by local heat
flux and local temperature gradient is found to be nonuniform within the system and will increase
with the radial coordinate r, which can be interpreted as the outcome of using a local parameter to
describe the nonlocal ballistic-diffusive transport.

Considering the nonlinearity of the temperature profile, the difference of the inner and outer
boundary temperature jumps and the deviation of the effective thermal conductivity from the bulk
value are all going to be more significant as r12 decreases, we conclude that besides increasing Kn,
decreasing r12 will also increase the intensity of ballistic transport compared to the diffusive transport.
Such phenomenon is related to the 2D character of radial heat conduction which is affected by both the
system size and shape. Our work has highlighted the phonon-boundary scattering and ballistic effect in
nanoscale radial heat conduction and could provide a more in-depth understanding as well as some
analytical models for the thermal transport in nanofilms, graphene sheets, and encapsulated nanowires.
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